BOUNDARY CROSS THEOREM IN DIMENSION 1 WITH 

SINGULARITIES 



PETER PFLUG AND VIET-ANH NGUYEN 

Abstract. Let D and G be copies of the open unit disc in C, let A (resp. B) be 
a measurable subset of 3D (resp. dG), let W be the 2-fold cross ((DUi) xJ?)u 
(Ax (BU G)) , and let M be a relatively closed subset of W. Suppose in addition 
that A and B are of positive one-dimensional Lebesgue measure and that M is 
fiberwise polar (resp. fiberwise discrete) and that Mfl(j4xB) =0. We determine 
the "envelope of holomorphy" W \ M of W \ M in the sense that any function 
locally bounded on W \ M, measurable on Ax B, and separately holomorphic on 
((A x G) U (D x B)) \ M "extends" to a function holomorphic on W\M. 



1. Introduction 

The first boundary cross theorem was discovered by Malgrange-Zerner in the 
pioneer work [23] . Subsequent results in this direction are obtained by Komatsu [15] 
and Druzkowski [5 J . Recently, Gonchar [6j [TJ has proved a more general result for 
the one-dimensional case. It should be noted that Airapetyan and Henkin publish a 
version of the edge-of-the-wedge theorem for CR manifolds (see [JJ for a brief version 
and [2] for a complete proof). Gonchar's result could be deduced from the latter 
works. In the articles [TBI [T91 I2"0l I2"T] . the authors generalize Gonchar's result to the 
one-dimensional case with more optimal hypotheses and to the higher dimensional 
case. 

On the other hand, cross theorems with analytic or pluripolar singularities have 
been developed by many mathematicians (see, for example, [TT] [121 EES HI] an d 
the references therein). The question naturally arises whether there exists a mix- 
ture of these two types of cross theorems, namely, a boundary cross theorem with 
singularities. 

The purpose of this article is to establish such a theorem in a simple but very 
useful setting: one-dimensional case with optimal hypotheses in the spirit of our 
previous work [19J. This is our first step towards a general cross theorem with 
singularities [22] (see also [T6l ITT] ). 
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2. Background and statement of the main result 

First we introduce some notation and terminology. In this article, E always 
denotes the open unit disc in C. For a G C and r > 0, A a (r) is the disc centered at 
a with radius r. Finally, the one-dimensional Lebesgue measure is denoted by mes . 

2.1. (Sub) harmonic measure. Let 11 C C be an open set. For any function 
u : D, — > KU {-oo}, let 




u(z), z G Q, 

limsup z G dQ. 



For a set A C Q put 

: = sup {u : u <E SH(Q), u < 1 on Q, u < on A} , 

where SH(£l) denotes the cone of all functions subharmonic on f2. 

The subharmonic measure of A relative to Q is the function u(-,A,Q) G STi(fl) 
defined by 

:= h\ n (z), zett, 

where h* denotes the upper semicontinuous regularization of h. 

If A C dfl, then u(-, A, fl) is also called the harmonic measure of A relative to Q. 
In this case, A, Q) is a harmonic function. 

We recall the following elementary property which will be used several times later 
on. Let (-Afc)fcli be a sequence of measurable subsets of dE and A a measurable 
subset of dE such that mes(A fc ) > 0, A k C and mes (A \ (Jfcli ^fe) = 0. Then 

(2.1) cj(-, A k , E) \ cj(-, A, E) asA;/oo. 

2.2. Angular approach regions and locally regular points. Let D C C be a 

Jordan domain. Fix a conformal mapping $ from D onto E which extends contin- 
uously from D onto E. For ( G and < a < |, the S'tofe region or angular 
approach region A a (() is given by 

A*(C) := : t & E and 

where arg : C — >■ (— 7r, it] is as usual the argument function. 

Let A C D. We say that a point ( G is a locally regular point relative to A if 

lim w(z,An A c (r),.Dn A c (r)) = 0, r > 0. 

Obviously, C G A. The set of all locally regular points relative to A is denoted by 
A*. A is said to be locally regular if A C A*. 



arg 



HO 
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If A C 3D is measurable, then it is classical that $(A*) contains all density-points 
of <&(A), hence mes ($(A \(in A*)) J = 0, and An A* is again locally regular. 
Moreover, it follows from ( 12.11) that 

(2.2) uj(-,AnA*,D) = u(-,A,D). 

Recall from Definition 4.8 in [19] the following definition. A point £ G 9£) is said 
to be an end-point of an open subset Q G D if, for every < a < |, there is an 
open neighborhood U = U a of Q such that £7 nA a (C) C fi. The set of all end-points 
of O is denoted by End(Q). 

We say that a function /, defined in an open subset Q G D, admits an angular 
limit A G C at a point a G End(O) if 

7T 

lim f(z) = A, < a < — . 

,4 a (a)nfi3z^a 2 

2.3. Cross and separate holomorphy. Let D,G G C be two open sets, let A 
(resp. B) be a subset of D (resp. G). We define a 2-fold cross W, its interior W° as 

W := X(A,B; D,G) := ((£> U A) x S) U (A x (BUG)), 
r := X°(A, B; D, G) := (D x B)U (Ax G). 

For a 2-fold cross W := X(A, B; D, G) define 

V? = £(A, S; /J, G) := {(2, w) <E D x G : u(z, A, D) + uj(w, B,G)<1}. 

Let M be a subset of W. Then the fibers M a and M b are given by 

M a := {w <E G : (a, w) G M} (a G A); M 6 := {2 G D : (z, 6) G M} (b E B). 

We say that M possesses a certain property in fibers over A (resp. over B) if all 
fibers M a with a G A (resp. all fibers M b with b E B) possess this property. 

Suppose that M is relatively closed in fibers over A and B. We say that a function 
/ : W \ M — > C is separately holomorphic on W° \ M and write / G O s (W° \ M), 
if for any a & A (resp. b <E B) the function /(a, -)|G\Af a ( res P- /(•> ^OIdxmO i s 
holomorphic. 

From now on we assume, in addition, that D and G are Jordan domains, and 
A G 3D, B G dG. Then we define the regular part W* relative to W as 

W* := X(A*,B*;D,G). 

Let f2 be an open subset of D x G. A point (a, b) G A*xG (resp. (a, 6) G Dx B*) is 
said to be an end-point of if, for every < a < |, there are an open neighborhood 
U = U a of a and an open neighborhood V = V a of b such that 

(U n A a (a)) x y C n (resp. f7 x (V n A a (6)) Cfi). 

The set of all end-points of Q is denoted by End(fi). We say that a function / : 
Q — ► C admits an angular limit A G C at (a, b) G End(fi) if under the previous 
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notation one of the following cases occurs: 

Case 1: (a, b) G A* x G and the following limits exist and are equal to A 

7T 

lim f(z,w), < a < — ; 

f23(z,ru)— >(a,6), z£A a (a) 2 

Case 2: (a, b) G I? x B* and the following limits exist and are equal to A 

7T 

lim f(z,w), 0<a<—. 

flB(z,w)^(a,b), w£A a (b) 2 

For an open set ft C C fc , let C(O) denote the space of all holomorphic functions 
on Q. A function / : V — > C, where P is a topological space, is said to be locally 
bounded, if for every point p G V there exists a neighborhood U of p such that 
sup |/| < oo. 

2.4. Statement of the main result. Now we are able to state the following 

Main Theorem. Let D = G = E and let A C dD, B C dG be measurable subsets 
such that mes(A) > 0, mes(S) > 0. Consider the cross W := X(A, B; D, G). Let M 
be a relatively closed subset of W such that 

• M a is polar (resp. discrete) in G for all a G A and M b is polar (resp. 
discrete) in D for all b G B\j 

• Mfl(AxB) = 0. 

Then there exists a relatively closed pluripolar subset (resp. an analytic subset) M 
of W with the following two properties: 

(i) The set of end-points ofW\M contains (W° n W*) \ M. 

(ii) Let f : W \ M — > C be a locally bounded function such that 

• for all a G A, f(a, -)\G\M a is holomorphic and admits the angular limit 
/(a, b) at all points b G B; 

• for all b G B, f(-,b)\ D \ M b is holomorphic and admits the angular limit 
f(a, b) at all points a G A; 

• /UxB is measurable. 

Then there is a unique function f G 0(W \ M) such that f admits the 
angular limit f at all points of (W° fl W*) \ M. 

Moreover, if M = 0, then M = 0. 

3. Preparatory results 

3.1. Auxiliary results. First recall the following well-known result (see, for exam- 
pie, HO]). 

Theorem 3.1. Let D,G and A, B be open subsets of C such that A C D and 
BcG. Put W := X(A, B- D, G) andW := X(A, B; D, G) . Then W dW and every 
function f G O s {W) extends uniquely to a function f G 0(W). 



In other words, M is polar (resp. discrete) in fibers over A and B. 
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The following mixed cross theorem has been proved in [19, Theorem 7.3] (see also 
[T?| Theorem 4.2] for another proof using the method of holomorphic discs). 

Theorem 3.2. Let A be a measurable subset of BE such that A is locally regular. 
Let G C C be an open set and B an open subset of G. For < 5 < 1 put Q : = 
{zeE: cu(z, A, E) < 1 - 8} . Let W := X(A, B; Q, G), W° := X°(A, B; Q, G), an$ 

W = X{A,B;Q,G) := Uz,w) E E x G : ^lltl3 + U ( W: B,G) < 1 



Let f : W — > C be such that 

(i) /ea(r,C); 

(ii) / is locally bounded on W, }\axb is a measurable function; 
(hi) for all w E B$ 

71 

lim f(z,w) = f(a,w), a G A, < a < — . 

A a (a,)Bz^a 2 

Then there exists a unique function f G 0{W) such that f = f on Q x B an(fl 

7T 

lim f(z, w) = /(a, w), a G A, w E G, < a < — . 

ia(«)3z^« 2 

Moreover, \f\ w = \f\ w . 

The next result proved by the authors in [19] generalizes the work of Gonchar in 

mm. 

Theorem 3.3. We keep the hypotheses and notation of the Main Theorem. Suppose 
in addition that M = 0. Then the conclusion of the Main Theorem holds for M = 0. 

The following two extension theorems are also needed in the sequel. 

Theorem 3.4 (Chirka [4]). Let D C C n be a domain and let D be the envelope of 
holomorphy of D. Assume that S is a relatively closed pluripolar subset of D. Then 
there exists a relatively closed pluripolar subset S of D such that S PI D C S and 
D \ S is the envelope of holomorphy of D \ S . 

Theorem 3.5 (Imomkulov-Khujamov [8], Imomkulov [9]). Let A be a measurable 
subset of dE with mes(A) > 0, let M be a relatively closed subset of A x (C \ E) 
such that M a := {w E C : (a,w) E M} is polar (resp. finite) for all a E A. Then 
there exists a relatively closed pluripolar (resp. analytic) subset S of E x (C \ E) 
with the following property: 

Let f : (E U A) x E — > C be bounded, f\ Ex E E 0{E x E) such that 
lim f(z,w) = f(a,w) for all a E A,w E E and < a < |. Moreover, 

z~^a, z&A a (a) 

assume that the (holomorphic) function f(a,-) extends to a holomorphic function 
on C \ M a for every a E A. Then f\ExE extends holomorphically to (E x C) \ S. 



2 It will be shown in Lemma [3.61 below that uj(-,A,Q) — '^f^s on Q where ui(-,A,fl) is, in 
some sense, the "angular" version of the harmonic measure. 

3 Since A is locally regular, it follows that A C End(Sl). 

4 Since A is locally regular, we have A x G C End(VF). 
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Proof. This is a slightly modified version of the result in [SJ. In fact, Imomkulov- 
Khujamov suppose that /\exe can be extended continuously onto E x E. But their 
proof still works under the hypotheses of Theorem 13.51 Consequently, for each func- 
tion / as in the statement of the theorem, there is a relatively closed pluripolar (resp. 
analytic) subset Sf of E x (C \ E) such that / extends to a holomorphic function 
on Gf := (E x C)\Sf and that the latter function does not extend holomorphically 
across any point of Sf. Let G denote the connected component of the interior of 
f]f G f that contains E 2 and let S := (E x C) \ G. It remains to show that S is 
pluripolar (resp. analytic). 

Take (a, b) G ((A fl A*) xC)\M. Since M is relatively closed in A x C and M a is 
polar, there exists a smooth curve 7 : [0, 1] — > C \ M a such that 7(0) = 0, 7(1) = b. 
Take an e > so small that 

(A a (e)x( 7 ([O,l])+Ao(e)))nM=0 

and that V& := A (|) U ( 7 ([0, 1]) + A (e)) is a Jordan domain. Consider the cross 

Y := X{A n A a (e), PI <9A (^); A a (e) n V5). 

Then /|y satisfies the hypotheses of Theorem 13.31 Consequently, we get Y C Gf 
for all / as in the statement of the theorem. Hence Y C G. Thus S* C M a for all 
a G A, where S* is the non-tangential boundary layer of a pseudoconcave set S (see 
[HI p. 358]). Consequently, by Lemma 6 and 7 from [9] (see also Lemma 7 and 8 in 
[BJ), S 1 is pluripolar (resp. analytic). □ 

3.2. Two techniques and their applications. The technique level sets of 
(plurisub) harmonic measure was introduced by the authors in [18J. However, it 
turns out that it can be successfully used in solving many problems arising from the 
theory of separately holomorphic and meromorphic mappings (see [T9t [20l [T6| [T7] ) . 
For an open set D C C, a subset A C <9-D, and < 5 < 1 the 5 -level set of the 
harmonic measure u(-, A, D) is, by definition, 

D AS :={zeD: u(z,A,D) < 5}. 

The technique of level sets consists in "replacing" A (resp. D) by Da,& (resp. Da,is) 
for a suitable < 5 < |. 

Recall the following property of the level sets. 

Lemma 3.6. Let D be either an empty set or a Jordan domain such that E <f_ D 
and that D U E is a Jordan domain. For a measurable subset A of dE fl d(D U E) 
with mes(A) > and < 5 < 1 let fig := Ea,s U D. Define the angular harmonic 
measure 

lj(z,A,Q$):= sup u(z), z&fls, 
where Ua,s is the cone of all subharmonic functions u < 1 on Q$ such that 
limsup u(z)<0, ( <E Af] A*, < a <-. 
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1) If D = 0, then uj(z,A,Q 5 ) = u{z ^f\ z G Sl s . 

2) If D is a Jordan domain, then uj(z, A, fig) \ co(z, A,EUD) as 5 \ + . 

Proof. Part 1) follows from [191 Theorem 4.10]. Part 2) is a consequence of Part 
1). ' □ 

The technique conformal mappings has been introduced by the second author in 
|17j . This allows to reduce the study of holomorphic extensions on some level sets 
to the unit disc. 

The main idea of the technique of conformal mappings is described below (see 
Proposition 5.2 in [17] for a proof). 

Proposition 3.7. Let A be a measurable subset of dE with mes(A) > 0. For < 
5 < 1 put G := {w G E : lo(w,A, E) < 1 — 5} . Let Q be an arbitrary connected 
component of G. Then 

1) End(f2) is a measurable subset of dE and mes(End(fi)) > 0. Moreover, Q is 
a simply connected domain. 

In virtue of Part 1 ) and the Riemann mapping theorem, let Q be a confor- 
mal mapping of Q onto E. 

2) For every ( G End(fi), there is rj G dE such that 

lim <&(z) =n, < a < -. 

nnA a (Q5z^c 2 

77 is called the limit of $ at the end-point £ and it is denoted by $(C)- 
Moreover, $|End(n) is one-to-one. 

3) Let f be a bounded holomorphic function on Q, ( G End(fi), and A G C such 
that lim f (z) = X for some < a < ~. Then f o $ _1 G O(E) admits 

i/ie angular limit X at 

4) Let A be a measurable subset o/End(f2) suc/i £/iat mes(A) = mes(End(f2)). 
At£ $(A) := {$(C), C ^ A}, w/iere zs given by Part 2). Then $(A) is 
a measurable subset of dE with mes ($(A)) > and 

ou($(z), $(A), £) = ^ > 2 G a 

As an application of the technique of conformal mappings, we give the following 
extended version of Theorem I 



Theorem 3.8. Let A be a measurable subset of dE with mes(A) > 0. For a given 
< 5 < 1 put fi := {w G E : lu(w, A, E) < 1 - 5} . Let 

f : (fiU (AnEnd(Q))) x E — >C 

be a bounded function such that f\n X E is holomorphic and lim f(z,w) = 

f(a,w) for all a G A H End(f2), w G E and < a < |-. Suppose in addition that 
for every a E A(l End(fi), the function f(a, •) zs holomorphic and it extends to a 
holomorphic function on the whole plane except for a closed polar (resp. finite) set 
of singularities. Then f\n X E extends holomorphically to (fl x C) \ S, where S is a 
relatively closed pluripolar (resp. analytic) subset ofQxC 



8 PETER PFLUG AND VIET-ANH NGUYEN 

Theorem 13.51 is a special case of the above result for 5 = 0. 

Proof. We only treat the case where the set of singularities of f(a, ■) is closed polar 
for a G v4flEnd(f2). Since the remaining case where these sets are finite is analogous, 
it is therefore left to the interested reader. Using (12.21) we may suppose without loss 
of generality that A is locally regular. Then A C End(fi). Let (fl k ) k ^K be the family 
of all connected components of Q, where K is a countable index set. By Theorem 
4.9 in EE9], 



End(fi) = (J End(fi fe ), mes ( End(fi fc ) n A) = mes ( End(fi fc )) , 

k£K 

End(fi fe ) n End(lV) = for k ^ k' . 

By Proposition 13. 7\ we may fix a conformal mapping Q k from onto E for every 
k G K. Put 

(3.1) A k : = $ fc (End(fi fe ) n A), W k := (E U A k ) x E, k G K. 

Recall from the hypothesis that for every fixed w G E, the holomorphic function 
/(•, w)\u is bounded and that for every £ G A n End(fi), 

n J(^ w ) = f(C,w), 0<a<^-. 



Consequently, Part 3) of Proposition [377] applied to f(-,w)\n k with k £ K, implies 
that for every fixed w G E, f(^ 1 (-),w) G O(E) admits the angular limit /(£, u;) at 
$jb(C) f° r all C £ AflEnd(fifc). By Part 1) of that proposition, we know that mes (An 
End(f2fc)) > 0. This discussion and the hypothesis allow us to apply Theorem 
to the function g k : W k — ► C defined by 



(3.2) gk(z,w) 



' f($j;\z),w), (z,w)eExE 
/(^(z)^), (z,w)eA k xE' 



where in the second line we have used the definition of & k \End(n k ) and its one-to-one 
property proved by Part 2) of Proposition 13.71 Consequently, we obtain a relatively 
closed pluripolar set S k C E x C such that S k fl (E x E) =0 and that g k \ExE 
extends holomorphically to a function g k G 0{(E x C) \ S k ) with 

(3.3) lim g k (z,w) = g k (a,w), (a,w)eA k xE. 

Put 

W k := {(<Z>^(z),w), (z,w) e(ExC)\S k }, keK. 
Observe that the open sets (W k ) k& K are pairwise disjoint. Moreover, by ( 13.11) . 



{Jm={J{(z,w)en k xC: (® k (z),w)<?S k } 

K 

(O X C) \ |J {(z,w) G Q k x C : {* k (z),w) G S k } =: (O X C) \ S. 



k£K k&K 



k£K 
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Since S k is relatively closed plur ipolar in E x C for k G K, we see that S is relatively 
closed pluripolar in Q x C. Therefore, we define the desired extension function / G 
0((Q x C) \ S) by the formula 

f(z,w) := g k (® k (z),w), (z,w) e Q k , k e K. 
This, combined with (13.ip ~ fl3.3p . implies that lim f(z,w) = f(a,w) for all 

Aa{a)3z-*a 

(a,w) G Ax E. The uniqueness of / follows from the one of g k , k G K. Hence, the 
proof of the theorem is complete. □ 

3.3. Gluing theorems. The following theorems will be very useful in the next 
sections when we need to glue different local extensions. 

Theorem 3.9. Let A and Af be measurable subsets of dE with mes(jV) = 0. Let 
< S < 1 and Ea,5 '■= {z G E : u(z, A, E) < 5} . Suppose that f G 0(Ea,s) admits 
the angular limit at all points of (A D A*) \ M . Then f = 0. 

Proof. See Theorem 5.4 in (TU]. □ 

Theorem 3.10. Let (fi)igj be a family of open subsets of an open set flcC™. Let 
M a relatively closed pluripolar subset (resp. an analytic subset) ofQ and Mi a non 
pluripolar subset of Q{ such that M D Mi — 0, i G /. Suppose that f G 0(Q \ M) 
and fi G OiVLi) satisfy f = fi on Mi for i G I. Then there exist a relatively closed 
pluripolar subset (resp. an analytic subset) M C Q and a function f G (D(Q \ M) 
such that M C M and f = f on Q \ M, and that for all i G /, we have M D £1% = 
and f = fi on Oj. 

Proof. The case where M is a relatively closed pluripolar subset of Q is not diffi- 
cult. The remaining case where M is an analytic subset of Q follows from an easy 
application of Proposition 3.4.5 in [10]. □ 

Theorem 3.11. Let (fi n )^i be an increasing sequence of open subsets of an open 
set Q C C n such that Q n f Q as n /* oo. For every n G N let M n be a relatively 
closed pluripolar subset (resp. an analytic subset) of Q n and f n G 0{VL n \ M n ). 
Suppose in addition that f n = f n+ % on Q n \ (M n U M n+1 ), n G N. Then there exist a 
relatively closed pluripolar subset (resp. an analytic subset) M C Q and a function 
f G 0(n \ M) such that M n Vl n C M n and f = f n on tt n \ M n for all n G N. 

Proof. It is left to the interested reader. □ 

4. Extensions through the singularities 

We keep the hypotheses and notation of the Main Theorem. Moreover, we only 
give the proof for the case where the singular set is fiberwise polar, that is, M a (resp. 
M b ) is polar in G (resp. D) for all a G A (resp. b G B). Since the remaining case 
where the singular set is fiberwise discrete is analogous, it is therefore left to the 
interested reader. 

In this section and the beginning of the next one we assume that 

A and B are compact sets. 
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This assumption will be removed at the end of the next section. 

Since (A x B) DM = (by the hypothesis), we may find N points ai, . . . , G A, 
N numbers r±, . . . , > 0, iV points bi, . . . , 6^' G S, and N numbers s±, . . . , s w ' > 
such that 

Ac\jA ak (r k ), BcIjA^), Mn(\jA ak (r k )x\jA bl ( Sl ))=0. 

fc=i j=i fe=i z=i 

Put 

jv n' 
(4.1) 5 := D n |J A ak (r k ), G := G n |J A ft! (s,). 

fc=i i=i 

Then it is clear that X(A, B; D, G) D M = 0. 

We introduce the following notation. For an a G A (resp. b E B) and < r, 5 < 1, 

let 

D a , r ,5 {z e fl n A s (r) : 4 fl A a (r), D n A a (r)) < 5} , 

(4.2) 

Gb, r ,s ■= {w e G H A b (r) : u(w, B n A b (r),G fl A b (r)) < 5} . 

Let be an open subset of W. A point (a, b) e (A (1 A*) x G (resp. (a, 6) G 
D x (B fl S*)) is said to be a strong end-point of f2 if there exist < r, 5 < 1 and 
an open neighborhood V of b (resp. and an open neighborhood U of a) such that 



D a , r ,s x V C (resp. £/ x G bjT j C 



It is clear that a strong end-point of f2 is also an end-point. But the converse 
statement is in general false. 

Now, we are in the position to extend / holomorphically through the singular set 
M. 

Proposition 4.1. For any a G A fl A*, w G G, there exist r,p,5 G (0,1) and a 
relatively closed pluripolar subset S C -D a ,r,5 x A w (p) with the following properties: 

1) A w (p) C G and the set 

T := [{A n A* n A a (r)) x A w (p)) \ M 

is contained in the set of strong end-points of (-D a ,r,<5 x A w (p)) \ S. 

2) There is a function f G o((D ar s x A UI (p)) \ s\ which admits the angular 
limit f at all points of T. 

Proof. Fix an G A fl A* and a wo G G as in the proposition. First we determine 
< r, p, 5 < 1 and then we will construct a function / G 0^(.D aO)J . )( 5 x A WQ (p)) \ Sj , 

where S is a relatively closed pluripolar subset of D a0jTi $ x A Wo (p). 

Since M ao is a relatively closed polar set in G, one may choose p > such that 
A wo (p) m G and M ao n dA W0 {p) = (cf. [3], Theorem 7.3.9). Take p~ , p + > such 
that p~ < p < p + , A Wo (p + ) <e G, and M ao D P = 0, where 

P := {w G C : p~ < \w — Wq\ < p + }- 
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Define 

Q := E G : u{w,B,G) < ~J. 

Let 7 : [0, 1] — > G \ M ao be a curve such that 7(0) E Q, 7(1) € 9A W0 (p). Since M is 
relatively closed in W, there exist r, t E (0,1) such that 

(4.3) AJr)nDc5 and (A n A ao (r)) X (( 7 ([0, 1]) + A Q (t)) U p) C W \ M. 
Put 

V:=^u(7([0,l]) + A (t))uP 

and consider the cross 

Y :=X(AnA* nA ao (r),G;D ao ^V). 

Using (14. ip and H4.3[) and the hypotheses on / in the Main Theorem, we are able to 
apply Theorem 13.31 to the function / restricted to X(A D A ao (r), B; D n A ao (r), G). 
Consequently, we obtain / E 0(X(A fl A ao (r), B; DD A ao (r), G)J which admits the 
angular limit / on X°(A n A* n A ao {r), B n B*; D n A ao (r), G)). Define 

f/ on (A n A* n A O0 (r)) x y 

Then / E O a (F), / |(An,l*nA O0 (r))x£; is measurable, and 
lim f Q (z,w) = f(C,w) = /o(C,iff), 

(C,w) e (An A* n A 0o (r)) x g, o < a < ~. 

Consequently, we are able to apply Theorem 13.21 to fo in order to obtain a function 
fo holomorphic on 

Y= {(z,w) E D a0jr i x V : 2uj(z,AnA ao (r),DnA ao (r))+u(w,g,V) < l} 
such that fo — f on £> ao r 5 x £ and 

lim /o(*,w) = /(C,w)=:/o(C,uO, (C, «0 e (An A* n A ao (r)) x y < a < J. 

We have just extended / to F U ((A n A* n A ao (r)) x V) . Fix s - , s + > such that 
p~ < s~ < p < s + < p + , and consider the annulus 

Q := {w E C : s~ < \w — Wq\ < s + }. 

Let 6 be such that 

< 5 < -fl - sup u;(w, y) ). 

Using this and applying Lemma I3.6[ we see that -D ao ,r,<5 x Q C Y. Therefore, fo 
is holomorphic on -D ao ,r,<5 x Q and continuous on D a0jr> s x Moreover, for any 
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a G A fl A* fl A ao (r) the function fo(a, •) is holomorphic on Q and continuous on Q. 
Therefore, by Cauchy formula we have 

r ( s _ 1 f fo(z,v) 1 /" /o(^,?7) 
jo{z,w) 



2%ix J tj — w 2m J rj — w 

\r]—wo\=s + [77— wo\=s~ 

=: f + (z,w) + f~(z,w), z G -D ao , r ,<5 u (A n A* n A ao (r)), w e Q. 

where /+ G o(^ ao , r , 5 x A U)0 (s+)) and /~ G O^D ao ,, s x (C \ A^s")))- 

Recall from (I4.4p and the hypotheses that for any a G AnA*H A ao (r) the function 
/o(o, •) extends holomorphically to G\M a . Consequently, for any a G AnA* nA a() (r) 
the function f~(a, •) extends holomorphically to C \ (M a fl A„, (s")). Using f)4.4p 
and the above integral formula for /~ G o(^D ao , r: s x Q J , we see that 

lim J-{z,w) = r({,v), (C,v)e(AnA*nA ao (r))xQ,0<a<^. 

Now, we are in the position to apply Theorem l3.8l to /"". Consequently, there exists a 
relatively closed pluripolar set S C -D ao ,r,<5 x C such that /~ extends holomorphically 

to a function /" G O((D a0ir>s x C) \ S). 

Since fo = f + + / _ , the function / extends holomorphically to a function (still 

denoted by) / := /+ + f~e 0((D a(hT , s X A Wo (s + )) \ S). 

To prove Part 1) and Part 2) fix an arbitrary a% G AnA*nA ao (r) and w± G A Wo (p). 
Since M ai is polar in G, there exists a smooth curve a : [0,1] — ► C \ M ai such 
that a(0) G G and a(l) = u>i. Moreover, using (14. II) and the hypothesis that 
M is a relatively closed subset of W, we may find n > so small that 1/ : = 
GU (a([0, 1]) + A (ri)) is a Jordan domain and that 

A 01 (n) ^ A O0 (r), (A ai (n) xy)ni = 0. 

Using this, (14. ip . and the hypotheses on / in the Main Theorem, we are able to 
apply Theorem 13.31 to the function / restricted to 1L(A H A ai (n) , B; Dn A 01 (ri), V). 
Consequently, we obtain fi = f( ai , Wl ) G 0(X(yln A ai (ri), -B; Dn A 01 (ri), V)) which 
admits the angular limit / on X°(A n A* n A ai (n),B nB*;Dn A ai (ri), V)). Fix a 
G Then w 2 G V fl V. Choose pi > so small such that 

(4.5) 6 1 <l-w(w 1 ,B,V) 
and that 

D ai , n ,Si x A W2 ( Pl ) c (-Do ,r,5 x A wo (s+)) nX(An A ai (ri),B; £> n A ai (rx),V). 
Consequently, using f)4.4p . we obtain 

A lim f (z,w)= lim f 1 (z,w) = f( y (,w), 

(eAnA*nA ai { ri ), w e A m ( Pl ),o < a < |. 
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By Theorem 13. 9[ f = f\ on D^ ^ ^ x A W2 ( P i). By shrinking p 1 (if necessary) and 
by using the fact that Wi,w 2 G V and estimate (14. 5p . we deduce from the latter 
identity that 

(4.6) / = /i on(D auru5l xA Wl ( Pl ))\S. 

Now we are in the position to apply Theorem 13. 101 to / G 0((D aor ^ x A Wo (s + ))\S) 

and to the family of functions (f( ai , Wl )) with a\ G A f] A* f] A ao (r) and wi G 
A^ (p) \ M ai . Consequently, we obtain the relatively closed pluripolar subset S 1 C 

D a0t r )S x A Wo (p) satisfying Part 1) and the function / G o([[D aQ , r ^ x A^p)) \ S^. 

Part 2) follows from (0~Ej). □ 

The role of strong end-points is illustrated by the following uniqueness theorem. 

Theorem 4.2. Let f G 0(£l), where is a subdomain ofW. Suppose that there 
exist a e AnA*, r > and an open subset V C G such that (A n A* n A ao (r)) x V 
are contained in the set of strong end-points of Q and that the angular limit of f at 
all points of (A n A* n A ao (r)) x V eowa/s 0. Then f = 0. 

Proof. Applying Theorem [311 to / restricted to an open set of the form D ao>ro s xU C 
Q for suitable r Q ,5 > and U G G, the theorem follows. □ 

5. Proof of the Main Theorem 

We keep the notation in the previous section. Moreover, we introduce some new 
notation. For any C G A, r, R G (0, 1) with A Q (R) D G ^ 0, let 

W ( , r , R :=X(An A c (r),B; D n A c (r), A (i?) U G) . 
Similarly, for any r] G B, r, R G (0, 1) with A (i?) fl5^0, put 

W v , r , R := X(A5fl A„(r); Ao(i?) u5,Gn A v (r)). 

For any i? G (0, 1) with A (R) n D ^ and A (fl) put 

:= X(A, B; A (R) U 5, A ( J R') U G) . 

Fix a sequence (5 n := ^■)^ = i- 

The proof is divided into several steps. In the first three steps A and B are 
supposed to be compact. 

Step 1. For any ( G An A* and R G (0, 1) with A (R) n G ^ 0, i/iere exzsfo 
r G (0, 1) and a relatively closed pluripolar subset S of W^r and a function f G 
0(Wc„r,R \ S) with the following properties: 

• (W£ R C\ W£ rR ) \ M is contained in the set of strong end-points ofW^^^\S. 

• / admits the angular limit f at all points of (W£ rR H W£ rR ) \ M. 
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Applying Proposition 14.11 to the points ( G A fl A* and w G A (-R) and using the 
compactness of A (R), we find r,S G (0, 1), p G N, and for any j G {1,. . . ,p}, a 
point Wj G A (i?), a number pj > 0, a relatively closed subset Sj C -Df, r ,5 x A w .(pj), 
and a function /j G C((D^ ir ,5 x A Wj . (p,,)) \ Sj) such that 

• So OR) C U A Wk (p k ); 

k=l 

• fj admits the angular limit / at all points of (^(AnA*nA^(r)) xA W] (pj)\ \M. 
Using this we are able to apply Theorem 14.21 Consequently, 

fi = fj on (D Cjr ,s x (A w Xp t ) n A w .( Pj ) n A Q (R))) \ (Si U Sj). 
Therefore, we obtain an / G 0((D^ T: s x A (-R)) \ S'), where / = fj on (-D(,r,<5 x 
A Wj (pj)) \ S' and 5' := \J Sj is relatively closed pluripolar set. Moreover, ( (A n 

3=1 V 

A* fl A^(r)) x Ao(.R)J \ M is contained in the set of strong end-points of (-D^, r ,5 x 

Ao(-R)) \ S' and / admits the angular limit / at all points of the former set. 

On the other hand, applying Theorem 13.31 to the function / restricted to 1L(A fl 

A c (r), B; D n A c (r),G), we obtain / G 0(X(A n A c (r), 5; D n A c (r), G)) which 
admits the angular limit / on X°(A n A* n A c (r), 5 n B*; D n A f (r), G)). 

Next, we fix an no such that <5 no < 5. For s G (0, 1) let G s := {w G G : 
cj(u», S, G) < s}. For all n > no let 

W n := x(l> firAl , G Sn ; D w . Sn) A (R) U G x _ 5 „) . 

Define f n : H 7 ^ \ S — > C as follows 

n . 17, on (z> firAt x (Ao(i2) U G^j) \ 5' 

[f, on% ;1 _j„xG in 

here we have applied Theorem 13.91 in order to show that / = / on the overlapping 
set. Clearly, /„ G 0(W n \S ). Therefore, applying Theorem 13. II and Theorem 13.41 to 
W n \ S , we obtain a relatively closed pluripolar subset S n of W n with S n fl W n C 5"' 
and a function f n G 0{W n \ S n ) with / n = /„ on W n \ S' . Now, using Lemma ESI 
we define 

X n := X(A (1 A* (1 A c (r),B n B*; D CrA _ 5n , A (R) U G^J, 

X n := {{z,w) G Df >r ,i-^ x (A 0R)UGi_O : u^inA'nA^r),^,^) 

+£;(«;, 5 n £*, A ( J R) U G^J < l} . 

Then it follows from (15 .ip that /„ restricted to X n \ S n , admits the angular limit / 
at all points of X° and the latter set is contained in the set of strong end-points of 
X n \S n . Therefore, applying Theorem 14. 21 we see that /„ = f n+ i on X n \ (S n U S n+ \). 
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Moreover, using Theorem 13.101 we may assume that S n +\ H X n C S n . Next, we will 
show that X n /* W^r as n / oo. To see this it suffices to observe by Lemma [3761 
that 

w(-,An#nA ( (r),% w „) \ u(-,An A*,DH A c (r)), 

w^BnB'.Ao^UG!^) \ u>(-,BnB*,G), 

when n oo. Now we are in the position to apply Theorem 13.111 to the functions 
f n G 0(X n \ S n ) for n > n . Consequently, we obtain the desired relatively closed 
pluripolar subset S of W^ r> R and the desired extension function /. This finishes Step 
1. 

Step 2. For any R G (0, 1) such that Aq(R) U D and Aq(R) U G are Jordan 
domains, there exist a relatively closed pluripolar subset S of Wr and a function 
f G 0(W R \ S) such that the set (W R fl Wr) \ M is contained in the set of strong 
end-points ofWR\S and that f admits the angular limit f at all points of the former 
set. 

Choose a sequence of closed subsets (A m )^ =1 (resp. (B m )™ =1 ) of dD (resp. dG) 
such that 



oo 

mes(l m ) > 0, A m C A m+1 C A n A\ mes (a \ (J A m ) = 0, 

(5-2) m t 

mes(B rn ) > 0, B m C B m+1 C B n B*, mes \ Q fi m ) = 0. 

m=l 

Let 

W m :=X(A m , J B m ;A ( J R)U J D,A ( J R)UG'), W m := X(A m! S m ; A (i2)UD, A {R)UG). 

First, we will show that for every m there exist a relatively closed pluripolar subset 
S m of W m and a function ^ G C(VV m \ S) such that the set (W^ n W^) \ M is 
contained in the set of strong end-points of W m \S m and that f m admits the angular 
limit / at all points of the former set. For this purpose fix an m G N. 

Applying Step 1 and using a compactness argument with respect to A m we may 
find K points d, . . . , £k G A n A* and K numbers ri, . . . , tk > with the following 
properties: 

~ K K „ 

• A m C U A Cfc (r fc ) and D n (J A Cfc (r fe ) C D; 

fc=i fc=i 

• for every 1 < k < K, there are a relatively closed pluripolar subset <S\ of 

Wf Jt , t . fe ,.R and a function ^ G 0(W^ kt r kj R \ Sk) such that the set {Wg r R fl 

W£ h n R ) \ M is contained in the set of strong end-points of H 7 ^,^,/? \ Sk and 
that ^fe admits the angular limit / at all points of the former set. 
Similarly, using Step 1 again but exchanging the role between A and B (resp. D 
and G), we may find L points rji, . . . , tjl G B fl B* and L numbers si,...,sl > 
with the following properties: 
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~ L L _ 

• B m C (J and G n U A m ( Sl ) C G; 

1=1 1=1 

• for every 1 < I < L, there are a relatively closed pluripolar subset TJ of 



W 7 ^,^,/? and a function ^ G O (W^^^i^ \ 7] J such that the set (W^ Si R fl 

W* jj) \ M is contained in the set of strong end-points of W VhSh n \ T\ and 
that hi admits the angular limit / at all points of the former set. 



K L 

Put S := |J Sk and T := [j T[. For every n > 1 let 
fc=i «=i 

K L 



A n :- [J D CkjJ . k>5n , B n :- [J G m , Sl ,s n , 

k=l 1=1 

D n := {ze A (R)UD: u(z,A m ,A (R)Ul?) < 1 - 5 n } , 

G n := |w G A (i?) UG: w Tw, B m , A (R) UG\ < 1 — <5 n | , 

W n := x(A»,S n ;D n> G n ), X„ := X(A* D 1^, 5 m n B* m - D n , G n ), 

X n := {(z,w) E D n x G n : u(z,A m nA* m ,D n ) +u(w,B m DB* m ,G n ) < l} , 

where in the last line we can apply Lemma T3.6I since A (R) U D and A (i?) U G are 
Jordan domains. Applying Theorem 14.21 and Theorem I3.11[ we may glue (gk)k=i 
together in order to define the function g n : (A n x G n ) \ S — > C as follows 

g n := g k on (D Ck , rk , 5n x G n ) \ S. 

Similarly, we may glue (h{)f =1 together in order to define the function h n : (D n x 
B n )\T — ► C as follows 

h n :=hi on (D n x G nuSh&n ) \ T. 

Finally, we glue g n and h n together in order to define the function f n : W n \(TU 
S) — >■ C as follows 

g n on (A n x G n ) \ S 
h n , on (D n x B n ) \ T 

The remaining part of the proof follows along the same lines as in Step 1. Applying 
Theorem 13. H and Theorem 13 .41 to W n \(SUT), we obtain a relatively closed pluripolar 
subset S n of W n with S n n W n C (S U T) and a function /„ G C(l? n \ S n ) with 
/n = fn on W n \ (S U T). In particular, it follows from (15.4)) that / n restricted to 

\ S'n; admits the angular limit / at all points of X° \ M. Here observe that the 

latter set is contained in the set of strong end-points of X n \ S n . Therefore, applying 

Theorem 14.21 we see that f n = f n+ \ on X n \ (S n U S n +i). Moreover, using Theorem 

13. 101 we may assume that S n+ i fl X n C S n . Next, an application of Lemma [3TB1 gives 



(5.4) /„ := 
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that X n y W m as n /* oo. Now we are in the position to apply Theorem 13. Ill to the 

functions f n G 0(X n \ S n ) for n > 2. Consequently, we obtain the desired relatively 
closed pluripolar subset S m of W m and the desired extension function f m . 

Using ( 15.2p ~ 115.3p and 112. ip we see that W m /* Wr asm / oo. Therefore, applying 
Theorem 14.21 Theorem 13.101 and Theorem 13.111 Step 2 follows. 
Step 3. Completion of the case where A and B are compact. 

Fix R G (0, 1) such that A Q (R) UD^0 and A (R) UG^0 are Jordan domains. 
Choose a sequence (Rn)^Li such that R n > R, R n /* 1 as n /* oo. For n > 1 

put W n := x(A, B; A (R n ) U D,A (R„) U (5J. Applying the result of Step 2, we 

may find, for every n > 1, a relatively closed pluripolar subset M„ of W n and a 
function /„ G C(W n \ M n ) such that (W* n W°) \ M is contained in the set of strong 
end-points of W„ \ M n and that /„ admits the angular limit / at all points of the 
former set. Since W n /* W as n /* oo, we conclude this step by applying Theorem 
14.21 Theorem 13.101 and Theorem 13.111 as in Step 2. 
Step 4. The general case. 

Choose a sequence of closed subsets (A n )^ =1 (resp. (B n )™ =1 ) of dD (resp. dG) 
such that 

oo 

mes(A n ) > 0, A n C A n+ i C A, mes (A \ (J y4 n ) = 0, 

n=l 

oo 

mes(5 n ) > 0, S n C B n+1 C S, mes \ |J S n ) = 0. 

n=l 

Let W n := X(A n , B n ; D, G). Applying the hypotheses to f\w n \M for n > 1, we obtain 
a relatively closed pluripolar subset M n of W n and a function /„ G 0(W n \ M n ) such 
that (W* fl K 7 ") \ M is contained in the set of strong end-points of W n \ M n and 
that f n admits the angular limit / at all points of the former set. Using (12.11) we 
see that W n /l^asn /* oo. Therefore, arguing as at the end of the previous step, 
Step 4 follows. □ 
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